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E-mail address: yas@razi.ac.ir (M.H. Yas).This work deals with a study of the vibrational properties of functionally graded nanocom-
posite beams reinforced by randomly oriented straight single-walled carbon nanotubes
(SWCNTs) under the actions of moving load. Timoshenko and Euler–Bernoulli beam theo-
ries are used to evaluate dynamic characteristics of the beam. The Eshelby–Mori–Tanaka
approach based on an equivalent ﬁber is used to investigate the material properties of
the beam. An embedded carbon nanotube in a polymer matrix and its surrounding inter-
phase is replaced with an equivalent ﬁber for predicting the mechanical properties of
the carbon nanotube/polymer composite. The primary contribution of the present work
deals with the global elastic properties of nano-structured composite beams. The system
of equations of motion is derived by using Hamilton’s principle under the assumptions
of the Timoshenko beam theory. The ﬁnite element method is employed to discretize
the model and obtain a numerical approximation of the motion equation. In order to eval-
uate time response of the system, Newmark method is also used. Numerical results are pre-
sented in both tabular and graphical forms to ﬁgure out the effects of various material
distributions, carbon nanotube orientations, velocity of the moving load, shear deforma-
tion, slenderness ratios and boundary conditions on the dynamic characteristics of the
beam. The results show that the above mentioned effects play very important role on
the dynamic behavior of the beam and it is believed that new results are presented for
dynamics of FG nano-structure beams under moving loads which are of interest to the sci-
entiﬁc and engineering community in the area of FGM nano-structures.
 2011 Elsevier Inc. All rights reserved.1. Introduction
The supreme and multipurpose characteristics of carbon nanotubes (CNTs) have made them outstanding candidates for
new generation of materials. Thanks to their remarkable mechanical, thermal and electrical properties [1–3], a new era has
been established in the ﬁeld of composite materials. The development of CNTs has attracted extreme interest among
researchers for reinforcing polymer either as a reinforcing agent in polymer matrix to improve the properties of the conven-
tional composites or as a replacement candidate of conventional ﬁbers. The development and characterization of CNTs have
progressed very rapidly. A major step in the development of CNT composites is to obtain their mechanical properties as accu-
rately as possible. It can be seen from the literature that huge efforts have been dedicated to this speciﬁc ﬁeld and investi-
gations are still ongoing.. All rights reserved.
ax: +98 831 4274542.
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eral investigations have shown that the addition of small amounts of carbon nanotube can considerably improve the
mechanical, electrical and thermal properties of polymeric composites [6–9]. Even though these studies are quite useful
in establishing the stress–strain behavior of the nanocomposites, their use in actual structural applications is the ultimate
purpose for the development of this advanced class of materials. As a result, there is a need to observe the global response
of CNTRCs in an actual structural element. Wuite and Adali [10] examined the deﬂection and stress of nanocomposite rein-
forced beams using a multi-scale analysis. They found that a small percentage of nanotube reinforcement leads to signiﬁcant
improvements in beam stiffness. Vodenitcharova and Zhang [11] studied the pure bending and bending-induced local buck-
ling of a nanocomposite beam reinforced by a single walled carbon nanotube.
It is well-known that the applications of CNTs to nanocomposites have been hindered due to the weak interfacial bonding
between CNTs and matrix. Functionally graded materials (FGMs) are inhomogeneous composites characterized by smooth
and continuous variations in both compositional proﬁle and material properties and have found a wide range of applications
in many industries [12]. Piovan and Sampoia [13] studied the dynamic behavior of rotating beams made of functionally
graded materials. The model has been deduced employing a formulation accounting for shear-deformability and nonlinear
strain–displacements relationships. The inﬂuence of the graded properties in the damping effects and geometric stiffening of
the rotating beam are ﬁgured out by using ﬁnite element method. Sina et al. [14] developed a new beam theory used to ana-
lyze free vibration of functionally graded beams. The beam properties are assumed to be varied through the thickness fol-
lowing a simple power law distribution. The results showed that the new theory is a little different in natural frequency from
the traditional ﬁrst-order shear deformation beam theory and the mode shapes of the two methods are coincidental. Oye-
koya et al. [15] exploited Mindlin-type element and Reissner-type element for the modeling of FG composite plate subjected
to buckling and free vibration. Vibration and buckling analysis were then undertaken for different ﬁber distribution cases
and the effects of ﬁber distribution were studied. Simsek and Kocaturk [16] analyzed free vibration characteristics and
the dynamic behavior of a FG simply-supported beam under a concentrated moving harmonic load. The system of equations
of motion is derived by using Lagrange’s equations under the assumptions of the Euler–Bernoulli beam theory. It is observed
that, the effects of the different material distribution, velocity of the moving harmonic load, the excitation frequency of the
FG beam play very important role on the dynamic behavior of the FG beam. Simsek [17] investigated dynamic behavior of a
functionally graded beam under a moving mass within the framework of Euler–Bernoulli, Timoshenko and the third-order
shear deformation beam theories. Chakraborty et al. [18] developed a new beam element to study the thermoelastic behav-
ior of functionally graded beam structures. The element is based on the ﬁrst-order shear deformation theory and it accounts
for varying elastic and thermal properties along its thickness. Both exponential and power-law variations of material prop-
erty distribution were used to examine different stress variations. Static, free vibration and wave propagation problems were
considered.
Alshorbagy et al. [19] studied free vibration characteristics of a functionally graded beam with material graduation in axi-
ally or transversally through the thickness based on the power law under the assumptions of the Euler–Bernoulli beam the-
ory. They used ﬁnite element method.
By using the concept of FGM, Shen [20] suggested that the interfacial bonding strength can be improved through the use
of a graded distribution of CNTs in the matrix and examined the nonlinear bending behavior of simply supported, function-
ally graded nanocomposite plates reinforced by SWCNTs subjected to a transverse uniform or sinusoidal load in thermal
environments. Ke et al. [21] investigated the nonlinear free vibration of functionally graded nanocomposite beams reinforced
by aligned, straight single-walled carbon nanotubes (SWCNTs) based on Timoshenko beam theory and von Karman geomet-
ric nonlinearity. The material properties of functionally graded carbon nanotube-reinforced composites (FG-CNTRCs) were
assumed to be graded in the thickness direction and estimated though the rule of mixture. They introduced the CNT efﬁ-
ciency parameter to account for load transfer between the nanotube and polymeric phases. However, the rule of mixture
is not applicable when CNTs are oriented randomly in the matrix. Thus, in this paper the Mori–Tanaka approach which is
applicable to nanoparticle is employed to predict material properties of composites reinforced with randomly oriented,
straight CNTs.
The efﬁciency of a CNT as a reinforcement can be attributed to the load transfer mechanism from matrix to CNT at nano-
scale. Interfacial bonding in the interphase region between embedded CNT and its surrounding polymer is a crucial issue for
the load transfer and reinforcement phenomena [22–28]. The atomic structure of carbon nanotubes consisting of sp2 hybrid-
ized carbons hinders formation of strong covalent bonds between the carbon atoms of a CNT and a surrounding polymer
matrix. Naturally, the bonding between CNT and its surrounding polymer takes place through van der Waals (vdW) non-
covalent interactions which are obviously weaker than covalent bonding between carbon–carbon bonds [29]. Therefore, a
proper simulation technique capturing required details sufﬁciently and reasonably needs to be employed in accordance with
investigated scale. Several researchers simulated the behavior of CNT/polymer composites using atomistic modeling on the
basis of molecular dynamics (MD) [30–33]. Generally, huge amount of computational effort, complex formulations are main
drawbacks of MD simulation. Consequently, MD simulations are limited to either CNT in absence of resin or system with low
number of atoms. Due to mentioned difﬁculties in MD simulations, multi-scale FEM and a correlation between molecular
network and equivalent continuum structure was developed by some researchers [34,35]. Shokrieh and Raﬁee [34,35] stud-
ied the longitudinal behavior of a carbon nanotube in a polymeric matrix using a non-linear analysis on a full 3D multi-scale
ﬁnite element model consisting of carbon nanotube, non-bonded interphase region and surrounding polymer. The bonding
between carbon nanotube and its surrounding polymer was simulated as van der Waals interactions. Their ﬁnite element
M.H. Yas, M. Heshmati / Applied Mathematical Modelling 36 (2012) 1371–1394 1373analysis results show that the rule of mixture for conventional composites overestimates the result and cannot capture the
scale difference between micro- and nano-scale. However they developed an equivalent ﬁber to overcome this difﬁculty and
corresponding longitudinal, transverse and shear moduli were calculated. Developed equivalent ﬁber consisting of carbon
nanotube and inter-phase region can be appropriately used in micromechanical equations.
The objective of the present work is to study the free and forced vibrations of functionally graded nanocomposite beams
reinforced by randomly oriented straight single-walled carbon nanotubes subjected to moving load within the framework of
Timoshenko and Euler–Bernoulli beam theories using numerical ﬁnite element method. The material properties of the FG-
CNTRC are assumed to be graded in the thickness direction and estimated though the Mori–Tanaka method [36] because of
its simplicity and accuracy even at a high volume fraction of inclusions. With the knowledge that load transfer between the
nanotube and polymeric phases is less than perfect we employ an equivalent ﬁber to consider the size-dependent material
properties. The embedded straight CNT in a polymeric resin and its surrounding inter-phase matrix convert into an equiv-
alent ﬁber, which can be used in micromechanical analysis of CNT reinforced plastic composites. Finally, the effects of CNTs
orientation, various material distributions, velocity of the moving load, shear deformation, slenderness ratios and boundary
conditions on the dynamic characteristics of the beam are investigated.
2. Material properties of functionally graded carbon nanotube-reinforced composites
2.1. Properties of the equivalent ﬁber
Using the results obtained frommulti-scale FEM, the investigated CNT and its inter-phase can be converted into an equiv-
alent ﬁber. Thus an embedded carbon nanotube in a polymer matrix is replaced with an equivalent long ﬁber for predicting
the mechanical properties of the carbon nanotube/polymer composite. The equivalent ﬁber for SWCNT with chiral index of
(10,10) is a solid cylinder with diameter of 1.424 nm. The rule of mixture is used inversely for calculating material properties
of equivalent ﬁber [37]:ELEF ¼ ELCVEF 
EMVM
VEF
;
1
ETEF
¼ 1
ETCVEF
 VM
EMVEF
;
1
GEF
¼ 1
GCVEF
 VM
GMVEF
;
mEF ¼ mCVEF 
mMVM
VEF
;
ð1Þwhere ELEF, ETEF, GEF, mEF, ELC, ETC, GC, mC, EM, GM, mM, VEF and VM are longitudinal modulus of equivalent ﬁber, transverse mod-
ulus of equivalent ﬁber, shear modulus of equivalent ﬁber, Poisson’s ratio of equivalent ﬁber, longitudinal modulus of com-
posites, transverse modulus of composites, shear modulus of composites, Poisson’s ratio of composites, modulus of matrix,
shear modulus of matrix, Poisson’s ratio of matrix, volume fraction of the equivalent ﬁber and volume fraction of the matrix.
It is worth mentioning that ELC, GC and ETC should be obtained frommulti-scale FEM or MD simulations respectively. Prop-
erties of developed equivalent ﬁber representing the CNT and its inter-phase material for an armchair SWCNT with chiral
index of (10,10) are available in Ref. [35] and summarized in Table 1. It must be mentioned that in [35], the volume fraction
of the equivalent ﬁber is assumed to be 7.5% and material properties of the matrix are EM = 10 Gpa, mM = 0.3.
2.2. Composites reinforced with aligned, straight CNTs
The equivalent ﬁber accurately accounts for the structure – property relationships at the nanoscale and provides a bridge
to the continuummodel. The Mori–Tanaka method was used to predict the elastic stiffness properties of the equivalent ﬁber/
polymer composite material. For this current method, the complete elastic stiffness tensor for the composite is given by [38]C ¼ Cm þ frhðCr  CmÞAriðfmI þ frhAriÞ1; ð2Þ
where fr and fm are the ﬁber and matrix volume fractions, respectively, I is the identity tensor, Cm is the stiffness tensor of the
matrix material, Cr is the stiffness tensor of the equivalent ﬁber, and Ar is the dilute mechanical strain concentration tensor
for the ﬁberTable 1
Material properties of equivalent ﬁber.
Mechanical property Equivalent ﬁber [35]
Longitudinal Young’s modulus 649.12 (GPa)
Transverse Young’s modulus 11.27 (GPa)
Longitudinal shear modulus 5.13 (GPa)
Poisson’s ratio 0.284
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The tensor S is Eshelby’s tensor, as given by Eshelby [39] and Mura [40]. The terms enclosed with angle brackets in Eq. (2)
represent the average value of the term over all orientations deﬁned by transformation from the local ﬁber coordinates
ðo x01x02x03Þ to the global coordinates (o  x1x2x3) (Fig. 1).
We consider ﬁrst a polymer composite reinforced with straight CNTs aligned in the x2-axis direction. The matrix is as-
sumed to be elastic and isotropic, with Young’s modulus Em and Poisson’s ratio mm. Each straight CNT is modeled as a long
ﬁber with transversely isotropic elastic properties. Therefore, the composite is also transversely isotropic. The substitution of
non-vanishing components of the Eshelby tensor S for a straight, long ﬁber along the x2-direction [38] in Eq. (3) gives the
dilute mechanical strain concentration tensor. Then the substitution of A (Eq. (3)) into Eq. (2) gives the tensor of effective
elastic moduli of the composite reinforced by aligned, straight CNTs. In particular, the Hill’s elastic moduli are found as [38]k ¼ EmfEmfm þ 2krð1þ mmÞ½1þ frð1 2mmÞg
2ð1þ mmÞ½Emð1þ fr  2mmÞ þ 2f mkrð1 mm  2m2mÞ
; ð4Þ
l ¼ Emfmmfm½Em þ 2krð1þ mmÞ þ 2f rkrð1 m
2
mÞg
ð1þ mmÞ½Emð1þ fr  2mmÞ þ 2f mkrð1 mm  2m2mÞ
; ð5Þ
n ¼ E
2
mfmð1þ fr  fmmmÞ þ 2f mfrðkrnr  l2r Þð1þ mmÞ2ð1 2mmÞ
ð1þ mmÞ½Emð1þ fr  2mmÞ þ 2f mkrð1 mm  2m2mÞ
þ Em½2f
2
mkrð1 mmÞ þ frnrð1þ fr  2mmÞ  4f mlrmm
Emð1þ fr  2mmÞ þ 2f mkrð1 mm  2m2mÞ
; ð6Þ
p ¼ Em½Emfm þ 2prð1þ mmÞð1þ frÞ
2ð1þ mmÞ½Emð1þ frÞ þ 2f mprð1þ mmÞ
; ð7Þ
k ¼ Em½Emfm þ 2mrð1þ mmÞð3þ fr  4mmÞ
2ð1þ mmÞfEm½fm þ 4f rð1 mmÞ þ 2f mmrð3 mm  4m2mÞg
; ð8Þwherek, l, m, n, and p are Hill’s elastic moduli of the composite; k is the plane-strain bulk modulus normal to the ﬁber direc-
tion, n is the uniaxial tension modulus in the ﬁber direction, l is the associated cross modulus, m and p are the shear moduli
in planes normal and parallel to the ﬁber direction, respectively. kr, lr, mr, nr, and pr are the Hill’s elastic moduli for the rein-
forcing phase (CNTs). The elastic moduli parallel and normal to CNTs are related to Hill’s elastic moduli byEk ¼ n l
2
k
; E? ¼ 4mðkn l
2Þ
kn l2 þmn
: ð9ÞWe found the Hill’s elastic moduli of the reinforcing phase from the equality of two following matrices:Cr ¼
nr lr lr 0 0 0
lr kr þmr kr mr 0 0 0
lr kr mr kr þmr 0 0 0
0 0 0 pr 0 0
0 0 0 0 mr 0
0 0 0 0 0 pr
2
666666664
3
777777775
; ð10Þ1x
2x
3x
1x′
2x′
3x′
α
β
Fig. 1. Representative volume element (RVE) with randomly oriented, straight CNTs.
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1
EL
 mTLET 
mZL
EZ
0 0 0
 mLTEL 1ET 
mZT
EZ
0 0 0
 mLZEL 
mTZ
ET
1
EZ
0 0 0
0 0 0 1GTZ 0 0
0 0 0 0 1GZL 0
0 0 0 0 0 1GLT
2
666666666664
3
777777777775
1
; ð11Þwhere EL, ET, EZ, GTZ, GZL, GLT, mLT, mLT, mLT, mLT, mLT, mLT are material properties of the equivalent ﬁber which can be determined
from the inverse of the rule of mixture. It should be noticed that before using of the rule of mixture, material properties of
nano-scale representative volume element (RVE) of nanocomposite must be obtained from multi scale FE analysis or MD
simulations.
2.3. Composites reinforced with randomly oriented, straight CNTs
The effect of randomly oriented, straight CNTs is investigated in this section. The orientation of a straight CNT is charac-
terized by two Euler angles a and b, as shown in Fig. 1. The base vectors ei and e0i of the global (o  x1x2x3) and the local coor-
dinate systems ðo x01x02x03Þ are related via the transformation matrix gei ¼ gije0j; ð12Þ
where g is given byg ¼
cos b  cosa sin b sina sin b
sin b cosa cos b  sina cos b
0 sina cosa
2
64
3
75: ð13ÞThe orientation distribution of CNTs in a composite is characterized by a probability density function p(a,b) satisfying the
normalization condition [38]Z 2p
0
Z p=2
0
pða;bÞ sinadadb ¼ 1: ð14ÞIf CNTs are completely randomly oriented, the density function ispða;bÞ ¼ 1
2p
: ð15ÞAccording to the Mori–Tanaka method, the strain er(a,b) and the stress rr(a,b) of the CNT are related to the stress of matrix
rm byerða;bÞ ¼ Aða;bÞem ¼ Aða;bÞC1m rm;
rrða; bÞ ¼ CrAða; bÞem ¼ ½CrAða;bÞC1m rm;
ð16Þwhere the strain concentration tensor A(a,b) is given by Eq. (3). Then the average strain and stress in all randomly oriented
CNTs can be written asheri ¼
Z 2p
0
Z p=2
0
pða;bÞAða;bÞ sinadadb
 
em;
hrri ¼
Z 2p
0
Z p=2
0
pða; bÞ½CrAða; bÞC1m  sinadadb
 
rm:
ð17ÞThe angle brackets h i represent the average over special orientations. Using the average theorems r = fmrm + frhrri and
e = fmem + frhrri in conjunction with the effective constitutive relation r = Ce, one can get the effective modulus of the com-
posite according to Eq. (2). When CNTs are completely randomly oriented in the matrix, the composite is then isotropic, and
its bulk modulus K and shear modulus G are derived as [38]K ¼ Km þ frðdr  3KmarÞ3ðfm þ frarÞ ;
G ¼ Gm þ frðgr  2GmbrÞ2ðfm þ frbrÞ
;
ð18Þwhere
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br ¼
1
5
4Gm þ 2kr þ lr
3ðGm þ krÞ þ
4Gm
Gm þ pr
þ 2½Gmð3Km þ GmÞ þ Gmð3Km þ 7GmÞ
Gmð3Km þ GmÞ þmrð3Km þ 7GmÞ
 
; ð20Þ
dr ¼ 13 nr þ 2lr þ
ð2kr þ lrÞð3Km þ 2Gm  lrÞ
Gm þ kr
 
; ð21Þ
gr ¼
1
5
2
3
ðnr  lrÞ þ 8GmprGm þ pr
þ 8mrGmð3Km þ 4GmÞ
3Kmðmr þ GmÞ þ Gmð7mr þ GmÞ þ
2ðkr  lrÞð2Gm þ lrÞ
3ðGm þ krÞ
 
: ð22ÞThe effective Young’s modulus E of the composite is given by:E ¼ 9KG
3K þ G ; ð23Þfr and fm are the volume fractions for carbon nanotube and matrix which are related as:fr þ fm ¼ 1: ð24Þ
We assume the volume fraction (fr) for unsymmetrical FG-CNTRCs (USFG) as follows:fr ¼ 1 2zh
 
f r : ð25ÞIn which [20,21]f r ¼
wr
wr þ qrqm
 	
 qrqm
 	
wr
; ð26Þwhere wr is the mass fraction of nanotube, and qr and qm are the densities of carbon nanotube and matrix, respectively. In
such a way, the two cases of uniformly distributed-CNTRCs (UD), i.e. fr ¼ f r , and functionally graded (FG) CNTRCs will have
the same value of mass fraction of nanotube.
In order to examine the effect of different CNT distributions on the free vibration characteristics of FG-CNTRC beams, a
symmetrically linear distribution of CNT volume fraction fr (SFG) is also consideredfr ¼ 4jzjh f

r : ð27ÞIt is evident from Eq. (27) that SFG-CNTRC beam has the same and largest CNT volume fraction on the top and bottom sur-
faces (z = ±h/2) with fr = 0 at the neutral plane (z = 0). It should be mentioned that these two FG-CNTRC beams and the UD-
CNTRC beam have the same CNT mass fraction.
Also, mass density q can be calculated by:q ¼ frqr þ fmqm: ð28Þ3. Problem formulation
3.1. Governing equation
Based on the ﬁrst-order shear deformation (or the Timoshenko beam) theory, the axial displacement U and the transverse
displacement of any point of the beam, W, are given by [18]:Uðx; y; z; tÞ ¼ u0ðx; tÞ  z/ðx; tÞ;
Wðx; y; z; tÞ ¼ w0ðx; tÞ; ð29Þwhere u0 and w0 are the axial and the transverse displacement of any point on the mid-plane, t denotes time and z is the
thickness coordinate measured from the mid-plane. By assuming the small deformations, the displacement–strain relation
can be represented byexx ¼ @u
0
@x
 z @/
@x
; cxz ¼ /þ
@w0
@x
: ð30ÞThe constitutive relation for FGM material is assumed to be of the form:
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sxz
 
¼ EðzÞ 0
0 GðzÞ
  exx
cxz
 
; ð31Þwhere rxx and exx are normal stresses and strains in the x direction and sxz and cxz are the shear stress and shear strain in the
x–z plane. E(z) and G(z) are Young’s modulus and shear modulus, which are functions of depth z. The strain energy (S), kinetic
energy (T) and the work done by the external moving load F0(R) are then given by:S ¼ 1
2
Z L
0
Z
A
ðrxxexx þ sxzcxzÞdAdx;
T ¼ 1
2
Z L
0
Z
A
qðzÞð _U2 þ _W2ÞdAdx;
R ¼ b
Z L
0
F0dðx vtÞWdx;
ð32Þwhere (.) represents differentiation with respect to time. Here q(z), L and A are the density, the length and the area of cross-
section of the beam and v is the speed of moving load, respectively. Applying Hamilton’s principle, the following differential
equations of motion are obtained in terms of the three degrees of freedom (u0, w0and /):du : I0€u0  I1€/ A11 @
2u0
@x2
þ B11 @
2/
@x2
¼ 0; ð33Þ
dw0 : I0 €w0  A55 @
2w0
@x2
 @/
@x
 !
¼ F0dðx vtÞ; ð34Þ
d/ : I2€/ I1€u0 þ B11 @
2u0
@x2
 D11 @
2/
@x2
 A55 @w
0
@x
 /
 
¼ 0: ð35ÞAssociated force boundary conditions are:A11
@u0
@x
 B11 @/
@x
¼ Nx; A55 @w
0
@x
 /
 
¼ Vx; B11 @u
0
@x
þ D11 @/
@x
¼ Mx; ð36ÞNx, Vx and Mx are, axial force, shear force and bending moment acting at the boundary nodes. The stiffness coefﬁcients are
obtained as½A11 B11 D11  ¼
Z
A
EðzÞ½1 z z2 dA; A55 ¼
Z
A
GðzÞdA ð37Þand the mass moments are½ I0 I1 I2  ¼
Z
A
qðzÞ½1 z z2 dA: ð38Þ3.2. Finite element formulation
The interpolation functions of the displacement ﬁeld for the ﬁnite-element formulation are obtained by solving the
homogenous static part of the governing partial differential equations (PDEs) as given by Eqs. (33)–(35). The solution has
the form:u0 ¼ c1 þ c2xþ c3x2;
w0 ¼ c4 þ c5xþ c6x2 þ c7x3;
/ ¼ c8 þ c9xþ c10x2:
ð39ÞFrom Eq. (39), we see that the order of interpolation of w0 is one order higher than slope /. This is one of the requirements
for the element to be free of shear locking (see Refs. [41,42]). The exact solutions for the displacements have a total of 10
constants and only six boundary conditions (three degrees of freedom at each node of the element) are available (Fig. 2).
The additional four dependent constants can be expressed in terms of six other independent constants by substituting Eq.
(39) into Eqs. (33)–(35). In doing so, we obtain:c3 ¼ c10B11A11 ; c7 ¼
c10
3
; c6 ¼ c92 ; c10 ¼
gðc8  c5Þ
2
ð40ÞOr
iθ jθ
Fig. 2. Beam element.
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gðc8  c5Þ
6
;
l ¼ B11A55ðA11D11  B211Þ
; g ¼ A11A55ðA11D11  B211Þ
: ð41ÞFrom Eq. (41), constants c3, c6, c7 and c10 can be written in terms of rest of the constants and the solution takes the form:u0 ¼ c1 þ c2xþ lðc8  c5Þ2 x
2;
w0 ¼ c4 þ c5xþ c92 x
2 þ gðc8  c5Þ
6
x3;
/ ¼ c8 þ c9xþ gðc8  c5Þ2 x
2:
ð42ÞIn matrix formfug ¼
u0
w0
/
8><
>:
9>=
>; ¼ ½NðxÞfag; fag ¼ fc1; c2; c4; c5; c8; c9gT ; ð43Þwhere [N(x)] is the matrix containing functions of x and it is of size 3  6. The column vector {a} of independent constants
can be expressed in terms of nodal displacements by substituting six displacement boundary conditions while evaluating Eq.
(43) for x = 0 (node 1) and x = le (node 2) we obtain:½G1 ¼ Nð0Þ
NðleÞ
 
; fu^g ¼ ½G1fag; fag ¼ ½Gfu^g; ð44Þwhere u^ ¼ fui wi /i uj wj /j gT is the nodal displacement vector for the element. Now the displacements at any point
of the element can be expressed in terms of nodal displacements by substituting Eq. (44) into Eq. (43):fug ¼
u0
w0
/
8><
>:
9>=
>; ¼ ½NðxÞfag ¼ ½NðxÞ½Gfu^g ¼ ½WðxÞfu^g; ð45Þwhere½WðxÞ ¼ ½WuðxÞ WwðxÞ W/ðxÞ ; ð46Þ
Wu(x), Ww(x) and W/(x) are the exact shape functions for axial, transverse and rotational degrees of freedom, respectively.
They are given in Appendix A.
The force resultants in Eq. (36) can be written in terms of the generalized displacements {a} asffge ¼ ½Gfag; ð47Þ
whereffge ¼ fNxð0Þ Vxð0Þ Mxð0Þ NxðleÞ VxðleÞ MxðleÞ gT : ð48ÞSubstituting Eq. (44) into Eq. (47) we obtain the following relation:ffge ¼ ½Kefu^g; ð49Þwhere [K] is the element stiffness matrix. Explicit form of [K]e is given in Appendix A.
Then, the consistent element mass matrix is computed. It can be expressed as a sum of four submatrices as shown below
[18]:
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Here [Mu], [Mw] and [M/] represent the contribution of u, w and / degree of freedom to the mass matrix while [Mu/] repre-
sents the mass matrix arising due to coupling between u and / degrees of freedom. These in expanded form can be written
as½Mue ¼
Z le
0
I0ð½WuT ½WuÞdx ½Mwe ¼
Z le
0
I0ð½WwT ½WwÞdx;
½M/e ¼
Z le
0
I2ð½W/T ½W/Þdx ½Mu/e ¼ 
Z le
0
I1ð½WuT ½W/ þ ½W/T ½WuÞdx:
ð51ÞFinally, the element equations of motion can be obtained as follows:½Mef€^uge þ ½Kefu^ge ¼ ffge  F0fHðvtÞge; ð52Þ
where {H}e denotes the interpolation vector associated with the vertical displacements of the ith beam element.
Following the ﬁnite element procedure, all the beam elements must be assembled and the dynamic response of the FG-
CNTRC beam under moving loads is investigated step-by-step by a Newmark method. At any instant of time t, the position of
moving load are found and the effects of moving load appear on the elementary nodal force vector. We see that unlike con-
ventional elements, the approximation functions of this element are dependent not only on the length of the element but
also on its material and cross-sectional properties.4. Numerical results
4.1. Free vibration analysis
Numerical results are presented in this section for FG-CNTRC beam reinforced with randomly oriented CNTs. A function-
ally graded simply-supported beam of length L, width b, thickness h, with coordinate system (Oxyz) having the origin O as
shown in Fig. 3. The parameters of the beam are: b (width) = 0.4 m and L (length) = 20 m. The non-dimensional quantities
used here are:k2 ¼ xL2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qm
Em
A
I
s
x ¼ x
L
; ð53Þwhere I = bh3/12 is the moment of inertia of the cross-section of the beam. In the free vibration analysis, the dimensionless
frequencies of the beam are calculated and given in tabular form for different material distribution and the slenderness ratio.
The mode shapes are given in graphical form for each case.
At ﬁrst in order to check written programs a comparison study is done. Table 2 compares the ﬁrst four nondimensional
frequencies of simply–simply (S–S) isotropic homogeneous beams with available results in [19]. As can be seen, the present
results agree very well with the ﬁnite element results available in Ref. [19]. The material properties of beam are
E ¼ 210 Gpa;q ¼ 7800 kgm3.
Table 3 compares the dimensionless fundamental frequencies of (S–S) and (C–C) UD and USFG-CNTR beams with avail-
able results in [21]. The beam slenderness ratio L/h = 10 and f r ¼ 0:12 are used. It can be found that the present results agree
very well with the results available in Ref. [21].
Table 4 shows the ﬁrst three nondimensional frequencies of clamped–clamped (C–C), UD and USFG-CNTR beams based
on Timoshenko beam theory with different number of element. It is seen that the convergency of the present results is oc-
curred with a number of element N = 100. Hence, N = 100 is used in all of the following numerical calculations. It is also ob-
served that frequencies of UD-CNTRC beams are larger than those of USFG-CNTRC beams. This is because the UD-CNTRC
beam contains more CNTs. Thus it is stiffer and stronger than its USFG-CNTRC counterpart. Unless otherwise stated, the
beam slenderness ratio L/h = 20 and f r ¼ 0:075 are selected. For the matrix, material with qm = 1.15 g/cm3, Em = 10 Gpa,Fig. 3. Geometry of FG-CNTRC beam.
Table 2
The ﬁrst four nondimensional frequencies.
L/h
20 50 100
Present Ref. [19] Present Ref. [19] Present Ref. [19]
4.3425 4.3425 4.3444 4.3444 4.3446 4.3446
8.6716 8.6716 8.6866 8.6866 8.6887 8.6887
12.9745 12.975 13.0245 13.025 13.0317 13.032
17.2388 17.239 17.3561 17.356 17.3731 17.373
Table 3
Comparisons of dimensionless frequency CNTRC beams.
Material distribution C–C S–S
Present Ref. [21] Present Ref. [21]
UD 1.6597 1.6678 1.2503 1.2576
USFG 1.6013 1.6063 1.2217 1.2296
Table 4
Variation of the ﬁrst three nondimensional frequencies with number of element.
Material distribution Number of elements
20 40 60 80 100
UD 4.998245 5.075767 5.090801 5.096116 5.098585
7.681145 7.874759 7.913585 7.927415 7.93386
10.01703 10.3277 10.39164 10.41456 10.42527
USFG 4.931109 5.008811 5.02389 5.029221 5.031699
7.595035 7.791972 7.831544 7.845647 7.85222
9.918281 10.23829 10.3044 10.32812 10.3392
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qCN = 1.4 g/cm3 and material properties as given in Table 1.
Table 5 compares the ﬁrst three frequencies for C–C, C–S, clamped–free (C–F) and S–S FG-CNTRC beams with different
CNT distributions, where USFG and SFG stands for unsymmetrical (Eq. (25)) and symmetrical distributions (Eq. (27)), respec-
tively. It should be mentioned that these two FG-CNTRC beams and the UD-CNTRC beam have the same CNT mass fraction. It
is observed that frequencies of SFG are higher than USFG and UD-CNTRC. This is because SFG makes better use of CNTs with
more CNTs distributed in high bending stress regions and much less CNTs in low stress regions close to the neutral axis.
Therefore, its bending stiffness is larger than USFG and UDCNTRC. Also, it can be found from this table that the obtained fre-
quencies based on Timoshenko beam theory are smaller than those ones obtained based on Euler–Bernoulli beam theory and
this difference become larger for higher frequencies.Table 5
The ﬁrst three nondimensional frequencies for different boundary conditions and different CNT distributions.
B.C. Euler–Bernoulli beam element Timoshenko beam element
UD USFG SFG UD USFG SFG
C–C 5.4647 5.3708 5.7495 5.098585 5.031699 5.294657
9.0571 8.9005 9.5291 7.93386 7.85222 8.167861
12.6469 12.4262 13.3056 10.42527 10.3392 10.66974
C–S 4.5367 4.4696 4.7731 4.356794 4.302608 4.546786
8.1535 8.0173 8.5784 7.426815 7.341066 7.685675
11.7464 11.5427 12.3583 10.08701 9.991091 10.3645
C–F 2.1672 2.13 2.2802 2.151246 2.115347 2.259759
5.4175 5.324 5.6998 5.167211 5.09299 5.385917
9.0443 8.887 9.5155 8.194459 8.096988 8.475179
S–S 3.63 3.6182 3.8192 3.574603 3.563695 3.748668
7.2489 7.1216 7.6266 6.854168 6.757675 7.133685
10.8457 10.6722 11.4107 9.71082 9.610907 10.02423
Table 6
The ﬁrst three nondimensional frequencies for different slender ratio.
Material distribution Euler–Bernoulli beam element Timoshenko beam element
L/h L/h
20 40 60 80 20 40 60 80
UD 5.4647 5.4673 5.4678 5.4680 5.098585 5.359074 5.415073 5.435364
9.0571 9.0733 9.0763 9.0774 7.93386 8.699762 8.889041 8.960306
12.6469 12.6952 12.7043 12.7074 10.42527 11.86138 12.27116 12.43289
USFG 5.3708 5.3735 5.374 5.3742 5.031699 5.273655 5.325208 5.343853
8.9005 8.9174 8.9206 8.9217 7.85222 8.571802 8.747006 8.812695
12.4262 12.4767 12.4861 12.4895 10.3392 11.70245 12.08399 12.23358
SFG 5.7495 5.7523 5.7528 5.7530 5.294657 5.615709 5.68668 5.712579
9.5291 9.5463 9.5495 9.5506 8.167861 9.079606 9.315667 9.405821
13.3056 13.3569 13.3665 13.3699 10.66974 12.32744 12.82927 13.0317
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CNTRC beam with C–C boundary condition. It can be seen that the slenderness has not signiﬁcant effect on the frequencies
in Euler beammodel which assumed no shear effect that play a vital role in the variation of frequencies for thick beam (small
slenderness ratio). To point out the effect of slenderness ratio, the Timoshenko beam theory is also developed. It can be found
that frequencies of UD and FG beam increase with the increase of slenderness ratio.
The ﬁrst three dimensionless mode shapes for CNTRC beams with C–C boundary condition and different CNT distributions
are illustrated in Fig. 4(a–c). It is found that the nanotube distribution has an insigniﬁcant effect on the mode shape for all
beams. The mode shapes of FG-CNTRC beams are very close to those of UD-CNTRC beams.
Table 7 shows the effect of CNTs orientation on the ﬁrst three nondimensional frequencies of UD, USFG and SFG-CNTRC
beam with C–C boundary condition. It can be seen that the CNTs orientation has signiﬁcant effect on the frequencies and
CNTRC beams reinforced with aligned CNTs have larger frequencies.
Non-dimensional mode shapes for the USFG beams with different CNTs orientation are presented in Fig. 5. It is noted that,
the orientation of CNTs has signiﬁcation effects on the mode shapes.
In the following, the effect of carbon nanotube volume fraction on the frequencies of nano-structure beam is studied. For
evaluating mechanical properties of equivalent ﬁber, we use the MD results that are available in [8]. The C–C beamwith slen-
derness ratio L/h = 80 is selected. The matrix material has qm = 1.15 g/cm3, Em = 2.1 Gpa, mm = 0.34 at room temperature
(300 K). Table 8 shows the ﬁrst three nondimensional frequencies of UD, USFG and SFG-CNTRC beam with different values
of the nanotube volume fraction f r ¼ ð0:11;0:125;0:14Þ. It can be observed that the frequencies become larger with the in-
crease of nanotube volume fraction.4.2. Forced vibration analysis
In this section, we study the dynamic characteristics of C–C nanocomposite UD and FG beams under the action of moving
force F0 = 10,000 N. Unless otherwise stated, the moving velocity (V = 10 m/s), the beam slenderness ratio L/h = 80,
f r ¼ 0:075 are selected. For the matrix, material with qm = 1.15 g/cm3, Em = 10 Gpa, mm = 0.3 is used. Fig. 6 shows the compar-
ison between the deﬂections of the beam center (Wc) with different nanotube distribution. As noticed, for the forced vibra-
tion (before the passage of moving load from the beam span), the beam with symmetrical distribution of carbon nanotube
(SFG) has the smallest displacement. Also, it can be found, due to absence of damping, the amplitude variations are stable
after exiting the moving load from the beam span.
Deﬂection of the point that is placed under the moving load of the beam with different nanotube distribution is plotted in
Fig. 7. It is seen, SFG beam has the smallest displacement and USFG beam has the largest displacement at each time‘t’.
By drawing the dynamic magniﬁcation factor (DMF) (ratio of the Max. magnitude of the dynamic deﬂection of centerWdc
to the static deﬂection of beam center Ws) versus the moving-load velocity, one may ﬁnd some important characteristics of
beam that are interesting to study.
Fig. 8 shows the dynamic magniﬁcation factors of beams with different nanotube distribution. This ﬁgure can be divided
into two regions: undercritical and overcritical region. In the undercritical region the dynamic magniﬁcation factor increases
with the increase of the moving load velocity, but in the overcritical region dynamic magniﬁcation factor decreases when the
moving load velocity increases. Another important result of Fig. 8 is that the critical velocities (the velocity at which the max-
imum dynamic deﬂection occurs) of moving load for SFG, USFG, UD beams occurs respectively at 57 m/s, 50 m/s and 51 m/s.
It is concluded from this results that critical velocity of SFG beams is higher than USFG and UD beams.
Variations of maximum beam center deﬂection versus moving load velocity are also shown in Fig. 9. It can be seen that
the SFG beam has the smallest maximum beam center deﬂection.
Fig. 4. The mode shapes of CNTRC beams with C–C boundary condition (a): the ﬁrst mode, (b): the second mode, (c): the third mode.
Table 7
The ﬁrst three nondimensional frequencies of CNTRC beams with different CNTs
orientations.
Material distribution Aligned CNTs Randomly oriented CNTs
UD 7.0891 5.4354
11.4229 8.9603
15.4563 12.4329
USFG 6.6741 5.3439
10.8171 8.8127
14.7237 12.2336
SFG 7.6538 5.7126
12.2161 9.4058
16.3818 13.0317
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Fig. 5. The mode shapes of USFG beams with different CNTs orientations (a): the ﬁrst mode, (b): the second mode, (c): the third mode.
Table 8
The effect of nanotube volume fraction on the ﬁrst three nondimensional frequencies.
Material distribution Timoshenko beam element
Nanotube volume fraction ðf r Þ
0.11 0.125 0.14
UD 8.003489 8.251742 8.503869
13.19457 13.60422 14.01962
18.30928 18.87835 19.45436
USFG 7.438666 7.651084 7.871025
12.28079 12.63247 12.99609
17.07097 17.56153 18.06785
SFG 8.776588 9.074305 9.39123
14.43441 14.92389 15.44334
19.97155 20.64853 21.3643
M.H. Yas, M. Heshmati / Applied Mathematical Modelling 36 (2012) 1371–1394 1383
W
(m
)
-
-
-
-
-
-
-
W
c
(m
)
-0.
0.0
0.0
0.0
0.0
-0.
0.0
0.0
0.0
0.0
05
44
38
32
26
02
14
08
02
04
0 0.4 0.8 1.2
time (sec)
1.6 2
Forced vibration Free vibration
2.4
U
SF
U
2.8
D
G
SFG
Fig. 6. Comparison of dynamic deﬂection of the beam center for different nanotube distributions.
D
iss
pl
ac
em
en
t o
f t
he
 p
oi
nt
 u
nd
er
 th
e 
m
o
v
in
g 
lo
ad
 (m
)
-0.0
-0.0
-0.0
-0.0
-0.0
5
4
3
2
1
0
0 0.4
V
F0
time (sec)
0
=10
=10
.8
 m/
000
s
 N
1.2 1.6
U
S
U
SF
FG
D
G
2
Fig. 7. Variations of displacement of the point under moving load for different nanotube distributions.
1
1.1
1.2
1.3
1.4
1.5
1.6
1.7
10 20 30 40 50 60 70 80 90 100 110 120
D
M
F
Velocity of moving load (m/s)
SFG
USFG
UD
Fig. 8. The inﬂuence on dynamic magniﬁcation factor with respect to moving load velocity.
1384 M.H. Yas, M. Heshmati / Applied Mathematical Modelling 36 (2012) 1371–1394
-0.08
-0.07
-0.06
-0.05
-0.04
-0.03
10 20 30 40 50 60 70 80 90 100 110 120
M
ax
. W
c
(m
)
Velocity of moving load (m/s)
SFG USFG UD
Fig. 9. Maximum displacement of beam center for various velocity of moving load.
W
(
)
W
c
(m
)
-0
-0
-0
-0
0
0
0
0
.07
.05
.03
.01
.01
.03
.05
.07
0
F
Free vibration
V0=100m/s
orc
0.1
ed vibra
0.
tion
2 0
SFG
.3 0.4
time (sec)
USF
0.5
G
0.6
UD
0.7 0.8 0.9 1
Fig. 10. The effect of moving load velocity on the dynamic deﬂection of the beam center with respect to time.
M.H. Yas, M. Heshmati / Applied Mathematical Modelling 36 (2012) 1371–1394 1385Fig. 10 shows the deﬂection of the beam center (Wc) with different nanotube distribution for moving load velocity
V = 100 m/s. Comparing this ﬁgure with Fig. 6, it is noticed that in the free vibration (after exiting the moving load from
the beam span), the amplitude of responses increases with the increase of moving load velocity.
Fig. 11 shows the variation of the dynamic deﬂection of the beam center (Wc) versus the position of the moving load. In
this ﬁgure different velocity of the moving load is considered. It can be seen that for under critical velocities (10 m/s, 30 m/s)
maximum deﬂection of the beam center occurs when the moving load reaches the middle of span. By referring to Fig. 11, it
can be concluded that the maximum deﬂection of the beam center has a delay with respect to the position of moving load
when the velocity is in overcritical region. This time delay, increases with the increase of velocity. For velocities 57 m/s,
70 m/s and 120 m/s, maximum deﬂection of the center occurs when the moving load reaches the X0/L = 0.71, 0.81, 1 of beam
span.
Fig. 12 shows the variation of the dynamic deﬂection of the beam center (Wc) with different nanotube distribution with
respect to the position of the moving load. It can be found that maximum deﬂection of the SFG beam center happen (X0/
L = 0.66) earlier than USFG (X0/L = 0.71) and UD beams (X0/L = 0.71).
Figs. 13–16 show the dynamic deﬂection of entire SFG beam (Wd) for different velocities and positions of the moving load.
As indicated in these ﬁgures, some points of beam may have an upward deﬂection when moving loads have very high
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1386 M.H. Yas, M. Heshmati / Applied Mathematical Modelling 36 (2012) 1371–1394velocities. This phenomenon occurs because of wave-like manner of beam. Fig. 16 shows that maximum dynamics deﬂection
take places in critical velocity V = 57 m/s.
Fig. 17 compares the dynamic deﬂection (Wd) of entire SFG, USFG and UD beams when velocity and positions of the mov-
ing load are V = 30 m/s, X0/L = 0.5. It is seen that SFG beam has the smallest dynamic deﬂection.
Fig. 18 shows the variation of dynamic magniﬁcation factor with respect to the moving load velocity, for four slender
ratios of the beam. As observed the critical velocity (Vc) decreases with increasing the slender ratio of the beam. The critical
velocity for the beams with L/h = 40, 60, 80, 100 are 108 m/s, 76 m/s, 57 m/s, 46 m/s respectively.
In Fig. 19 the deﬂections of the beam center (Wc) is presented for three slender ratios of the SFG beam. It can be seen that
in both free and forced vibrations, the variation amplitude of responses increases with increasing the slender ratio.
In Figs. 20 and 21, maximum displacement of the beam center and dynamic deﬂection of SFG beam is drawn for the Eu-
ler–Bernoulli and Timoshenko beam theory. It can be concluded that the shear deformation effect is very important in the
strength analysis of FG beams even if the slender ratio is not very low.
The effect of different nanotube volume fractions on the dynamic characteristics of FG beams is considered. In Figs. 22 and
23, dynamic displacement of different point of SFG beam is presented. It can be seen the variation amplitude of responses
decreases with increasing the volume fractions of nanotube.
In the following, the effect of nanotube orientation on the dynamic characteristics of FG-CNTRC beam with symmetrical
distribution of CNTs is evaluated. Two SFG beams reinforced with aligned and randomly oriented CNTs are considered.
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Fig. 22. The effect of nanotube volume fraction on the displacement of the beam center.
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Fig. 23. The effect of nanotube volume fraction on the transverse dynamic displacement of a beam.
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seen, in both forced and free vibrations, the SFG beam reinforced with aligned CNTs has the smaller displacement.
Deﬂection of the point that is placed under the moving load of the beam with different CNTs orientation is plotted in
Fig. 25. It is also found that the SFG beam reinforced with aligned CNTs has the smaller displacement at each time ‘t’.
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1392 M.H. Yas, M. Heshmati / Applied Mathematical Modelling 36 (2012) 1371–1394Fig. 26 shows the dynamic magniﬁcation factors of SFG beams with different nanotube orientation. An important result of
this ﬁgure is that the critical velocity of moving load for SFG beams reinforced with aligned and randomly oriented CNTs
occurs respectively at 100 m/s and 57 m/s. It is concluded from this results that critical velocity of SFG beam reinforced with
aligned CNTs is higher than SFG beam reinforced with randomly oriented CNTs.
Variations of maximum beam center deﬂection versus moving load velocity are also shown in Fig. 27. It can be seen that
the SFG beam reinforced with aligned CNTs has the smaller maximum beam center deﬂection.
Fig. 28 compares the dynamic deﬂection (Wd) of SFG beams with different CNTs orientation when velocity and positions
of the moving load are V = 30 m/s, X0/L = 0.5. It is found that SFG beam reinforced with aligned CNTs has the smaller dynamic
deﬂection.5. Conclusion
Free vibration characteristics and dynamic behavior of a functionally graded nanocomposite beams reinforced by ran-
domly oriented carbon nanotube traversed by a moving load are analyzed. Finite element method based on the classical
and ﬁrst order shear deformation theory has been used to perform the equations of motion of the beam. Newmark method
is used to evaluate time responses of the beam. Moreover, direct application of CNTs properties in micromechanical models
for predicting material properties of the nanotube/polymer composite will lead us to inappropriate results which were also
stated by other researchers in literature [4]. In other word, micromechanics equations cannot capture the scale difference
between the nano and micro levels. In order to overcome this difﬁculty, a virtual equivalent ﬁber consisting of nanotube
and its interphase which is perfectly bonded to surrounding resin is applied. The calculated effective stiffness of the devel-
oped equivalent ﬁber is lower than stiffness of isolated CNT and can be used efﬁciently in micromechanics equations. The
material properties of FG-CNTRC are assumed to be graded in the thickness and estimated though the Mori–Tanaka ap-
proach. The effects of shear deformation, moving velocity, slenderness ratio, end supports, CNTs orientation and distribution
on the dynamic characteristics of FG-CNTRC beams are discussed in detail.
Numerical results show that:
 The obtained results indicate that a CNT-reinforced composite can possibly reach superior vibrational properties only if
the CNTs are controlled to be aligned in the whole material. These high requirements are by no means easy to be satisﬁed,
but considerable developments have been made in this ﬁeld by researchers of materials science.
 Frequencies of CNTRC beam reinforced with aligned CNTs are higher than those of beams reinforced with randomly ori-
ented CNTs.
 Frequencies of FG-CNTRC beam with symmetrical distribution of CNTs are higher than those of beams with uniform or
unsymmetrical distribution of CNTs.
 In the forced vibration (before the passage of moving load from the beam span), the beam with symmetrical distribution
of carbon nanotube (SFG) has the smallest dynamic displacement at each time.
 In the forced vibration, there is a critical velocity for the moving load that both UD and FG-CNTRC beams have maximum
deﬂections at this velocity.
 The critical velocity of SFG beam is higher than USFG and UD beams.
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the middle of span and when the velocity is more than critical value the maximum deﬂection of the beam center has a
delay with respect to the position of moving load. This time delay, increases with increasing the velocity.
 After exiting the moving load from the beam span, the amplitude of responses increases with increasing the velocity of
moving load.
 It is concluded that the critical velocity (Vc) decreases with increasing the slender ratio of the beam.
 The variation amplitude of responses increases with increasing the slender ratio.
 The shear deformation effect is very important in the strength analysis of FG beams even if the slender ratio is not very
low.
 It results the variation amplitude of responses decreases with increasing the volume fractions of nanotube.
 It is observed that frequencies of UD-CNTRC beams are larger than those of USFG-CNTRC beams.
 In the free vibration, the nanotube distribution has an insigniﬁcant effect on the mode shape of the beam.
 Slenderness ratio has not effects on the fundamental frequencies in Euler beam theory but in Timoshenko beam theory
frequencies of UD and FG beam increase with increasing the slenderness ratio.
 The frequencies of UD, USFG and SFG-CNTRC beams become larger when the nanotube volume fraction increases.
Appendix Al ¼ B11A55ðA11D11  B211Þ
g ¼ A11A55ðA11D11  B211Þ
d ¼ 1
12þ gl2e
: ðA1ÞThe elements of the exact shape function are:Wu11 ¼ ð1 x=leÞ; Wu12 ¼ 6ldðx=le  1Þx; Wu13 ¼ 3ldðx leÞx; Wu14 ¼ x=le;
Wu15 ¼ Wu12; Wu16 ¼ Wu13; ðA2Þ
Ww11 ¼ 0; Ww12 ¼
d
le
ðgl3e þ 12le  12xþ 2gx3  3gx2leÞ;
Ww13 ¼
xd
le
ðgl3e þ 6le  6xþ gx2le  2gxl2e Þ; Ww14 ¼ 0;
Ww15 ¼ 
xd
le
ð12þ 2gx2  3gxleÞ; Ww16 ¼
xd
le
ð6le þ 6xþ gx2le  gxl2e Þ; ðA3Þ
W/11 ¼ 0; W/12 ¼
6xdg
le
ðle þ xÞ; W/13 ¼
d
le
ðgl3e þ 12le  12xþ 3gx2le  4gxl2e Þ;
W/14 ¼ 0; W/15 ¼ W/12; W/16 ¼
xd
le
ð12þ 3gxle  2gl2e Þ: ðA4ÞHere le is the length of beam element and x is the local coordinate of the beam element.
The global stiffness matrix can be depicted byK ¼
Xn
0
Ke; ðA5Þwhere n is the total number of elements. Non-zero entries of the element stiffness matrix [K]e areKe11 ¼
A11
le
¼ Ke14; Ke13 ¼ 
B11
le
¼ Ke16; Ke22 ¼
A55d
le
¼ Ke25; Ke23 ¼
A55d
2
¼ Ke26;
Ke33 ¼
D11
le
þ A55dle
4
¼ Ke66; Ke34 ¼ Ke13; Ke35 ¼ Ke23; Ke36 ¼ 
D11
le
þ A55dle
4
;
Ke44 ¼ Ke11; Ke46 ¼ Ke13; Ke55 ¼ Ke22; Ke56 ¼ Ke23:
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